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■ ri > 1 Introduction 

The paper studies backward stochastic partial differential equations (SPDEs) with a Dirichlet 
boundary condition in a cylinder D x [0, T] for a region D C R" with boundary condition 
at the terminal time t = T. The difference between backward and forward equations is not 
that important for the deterministic equations since a backward equation can be converted to a 
forward equation by a time change. However, it cannot be done so easily for stochastic equations, 
because one looks for a solution adapted to the driving Brownian motion. It is why the backward 
stochastic differential equations require special consideration. A possible approach is to consider 
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the so-called Bismut backward equations such the diffusion term is not given a priori but needs 
to be found. These backward SPDEs were widely studied (see, e.g., Yong and Zhou (1999) 
and references there; non-linear ordinary backward Ito equations was studied in Pardoux and 

Peng (1990); backward SPDEs was studied also by Dokuchaev (1992), (2003)). Note that there 
is a duality between linear forward and backward equations. Forward SPDEs were studied in 
the literature (sec, e.g., Alos et al (1999), Bally et al (1994), Chojnowska-Michalik and Goldys 
(1995), Da Prato and Tubaro (1996), Gyongy (1998), Krylov (1999), Maslowski (1995), Pardoux 
(1993), Rozovskii (1990), Walsh (1986), Zhou (1992), Dokuchaev (1995), (2002), (2005), and 
the bibliography there). Duality between forward and backward equations was studied by Zhou 
(1992) for domains without boundary and by Dokuchaev (1992) for domains with boundary 
in some special cases. Backward SPDEs represent analogs of backward parabolic Kolmogorov 
equations for non-Markov Ito processes, including the case of bounded domains, so they may 
be used for characterization of distributions of first exit time in non-Markovian setting, as was 
shown by the author (1992). A different type of backward equations was described in Chapter 
5 of Rozovskii (1990). 

In the present paper, we study existence, uniqueness, a priori estimates, duality, and semi- 
group properties for solutions for backward linear parabolic Ito equations in domains. The 
novelty is that we consider domains with boundaries; the semi-group property involves the 
diffusion term that is a part of the solution. The proofs for prior estimates are based on duality 
between forward and backward equations, so the most part of the paper is devoted to establishing 
this duality. This duality is used also to establish that backward parabolic equations have some 
causality (more precisely, some anti-causality). This fact can help, for instance, to split time 
intervals and apply numerical methods via using of auxiliary problems with pathwise constant 
in time coefficients, or to apply dynamic programming methods for the corresponding control 
problems. 

2 Definitions 

2.1 Spaces and classes of functions. 

Assume that we a given an open domain D C R" such that either D = R" or D is bounded 
with C^-smooth boundary dD. Let T > be given, and let Q = D x {0,T). 

We are given a standard complete probability space and a right-continuous filtra- 

tion Tt of complete cr-algebras of events, t > 0. We are given also a AT-dimensional process 
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w{t) = {wi{t), ...,W]\f{t)) with independent components such that it is a Wiener process with 
respect to Tt- 

We denote by || • ||x the norm in a hnear normed space X, and {■,-)x denote the scalar 

product in a Hilbert space X. 

Wc introduce some spaces of real valued functions. 

Let G C R'^" be an open domain, then denote the Sobolcv space of functions that 

belong to Lq{G) with the distributional derivatives up to the mth order, g > 1. 

We denote Euclidean norm in R'^' as | • | , and G denote the closure of a region G C R'^ . 



Let = L2{D), and let =W^ (D) be the closure in the W^{DynoTm of the set of all 
smooth functions ti : D — > R such that u\qd = 0. Let = W2{D) n be the space equipped 
with the norm of H^l (-^)- The spaces and W2{D) are called Sobolev spaces, they are Hilbert 
spaces, and H'' is a closed subspace of W2{D), A; = 0, 1, 2. 

Let be the dual space to H^, with the norm || • ||^-i such that if u E then 
is the supremum of {u,v)ho over all v E such that \\v\\fji < 1. H"^ is a Hilbert space. 

We shall write {u,v)ho for u G and v e H^, meaning the obvious extension of the 

bilinear form from u G and v G H^. 

We denote by ik the Lebesgue measure in R*^, and we denote by Bk the cr-algebra of Lebesgue 
sets in R'^. 

We denote by V the completion (with respect to the measure ii x P) of the cr-algebra of 
subsets of [0, r] X ft, generated by functions that are progressively measurable with respect to 

Let Qs = Dx [s,T]. For k = -1,0,1,2, we introduce the spaces 
X''{s,T) ^ L2([s,r] X n,r,h x P-H''), ^ L\n,Tt,-P;H''), C\s,T) ^ c ([s,r];4) , 
Furthermore, introduce the spaces 

Y^{s,T) = X^{s,T)r\C^-^{s,T), k>0, 

with the norm ||^i||yfc(s^T) = ll'"llxfc(s,T) + ll'"llc'^-i(s,r)- 

For brevity, we shall use the notations X'' = X*^(0,r), C*^ = C'=(0,r), and = y*^(0,r). 
The spaces X'' and are Hilbert spaces. 
Further, introduce the spaces 

W!^ = L'^{[0,T]xn,V,£ixP;W^{D)), A; = 0,1,..., 1 < p < +oo. 
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The same notation we shall use the space of n x n-dimensional matrix functions. In that case, 
II • llyyfc means the summa of all this norms for all components. 

Proposition 2.1 Let ^ G let a sequence {ik}t=i C -L°°([0,r] x x P; C{D)) he such 
that all ^fc(-,i,a;) are progressively measurable with respect to Tt, and let \\(^ — (,k\\xo ~^ 0. Let 
t G [0, T] and j € {!,..., A^} be given. Then the sequence of the integrals Jq ^k{x, s,u}) dwj{s) 
converges in as k ^ oo, and its limit depends on ^, but does not depend on {Ck}- 

Proof follows from completeness of and from the equality 

e/ \\^k{-,s,uj) - Cm{-,s,uj)\\jfo ds = dxEi {(,kix, s,uj) - Cm{x, S,U})) dwj{s) 
Jo Jd \Jo 



Definition 2.2 Let ^ G t G [0,r], j G {1, . . .,N}, then we define ^{x, s,uj) dwj{s) as the 
limit in as fc — oo of a sequence Ck{x, s, io) dwj{s), where the sequence {^fc} is such as in 
Proposition 12. 1[ 

Sometimes we shall omit u. 

For t G [0,T], define operators 6t : C([0,r];Z|,) — )• Z^ such that 6tU = u{-,t), where 
k = -1,0,1. 



3 Review of existence results for forward equations 

Let s G [0,r), (/? G X~^, hi G and $ G Consider the problem 

dtu = {Au + ip)dt + X^j^J-BjU + hi\dwi{t), t>s, 

u\t=s = ^, u{x,t,Uj)\x(zOD = 0- 

Here u = u{x,t,Lj), {x,t) G Q, u G ^, and 



(3.1) 



Av=^ bij{x,t,uj)-^—^{x) + ^fi{x,t,u)) — {x) + X{x,t,uj)v{x), (3.2) 

i,j=l * 1=1 * 

where bij,fi,Xi are the components of b,f, and x. Further, 

BiV = ^ (x) /3i{x,t,uj) + (3i{x,t,u})v{x), i = l,...,N. (3.3) 
dx 

We assume that the functions 6(x, t, w) : R"x[0,r]xO R">^", l3j{x,t,uj) : R"x[0,r]xO 
W, /3i{x,t,uj) : R"x[0,r]xJl R, f{x,t,uj) : R"x[0,r]xO R", \{x,t,uj) : R"x[0,r]xJ] ^ 



R and (p{x, t, to) : R" x [0, T] x — > R are progressively measurable for any x E R" with respect 
to Tt- 

We assume that b{x,t,uj), f{x,t,uj), X{x,t,uj) vanish for {x,t,uj) ^ D x [0,T] x il. 

To proceed further, we assume that Conditions 13. HlHTSl remain in force throughout this paper. 



Condition 3.1 (Coercivity) The matrix b = is symmetric, bounded, and progressively mea- 
surable with respect to for all x, and there exists a constant 5 > such that 

N 

2 



1 ^ 

y^6(a;,t,L^)y--^|y^ft(x,t,a;)|2 >5|y|2 Vy G R'^, (x, t) € x [0, T], ^ G (3.4) 



Inequality (j3.4p means that equation (j3.ip is coercive or superparabolic, in the terminology 
of Rozovskii (1990). 

Condition 3.2 Functions b{x,t,u}) : R" x R x S7 ^ R"^", f{x,t,uj) : R" x R x 1^ ^ R", 

X{x,t,uj) : R" X R x 17 ^ R, are bounded and differentiable in x, and 



ess sup ess sup 



db , , df , , 
— [x,t,uj) + —{x,t,uj) 
ox ox 



+ 



— {x,t,uj] 
ox 



< +00. 



Condition 3.3 The functions (3i{x,t,u;) and /3i{x,t,u}) are bounded and differentiable in x, and 

I 9ft 

ess sup^ I -Q^ 



i^(x,t,a;)| < +00, esssup^^j^^ |^(x,t,w)| < +00, i = l,...,N. 



We introduce the set of parameters 
V={n, D, T 6, esssup^, \b{x,t,uj)\ + \f{x,t,uj)\ + ^{x,t,uj) + j^{x,t,uj) 



ess sup^ , , 



\^i{x,t,io)\ + \^i{x,t,u;)\+ ^{x,t,u) + ^{x,t,oj) 



dx " 
9ft, 



The definition of solution 

Definition 3.4 Let hi G and (/? G X~^. We say that equations (|3.ip are satisfied for tt G 1"^ 
if 



u{-,t, u) — u{-,r, uj) 

= / {Au{-,s,ijj) + (p{-,s,ijj)) ds + ''^ I [Biu{-,s,uj) + hi{-,s,ijj)]dwi{s) (3.5) 
for all r, t such that < r < t < T, and this equality is satisfied as an equality in Z^^ . 
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Note that the condition on dD is satisfied in the following sense: u{-,t,uj) G for a.e. t,u}. 
Further, u G Y^, and the value of u{-,t,uj) is uniquely defined in Zj. given t, by the definitions 
of the corresponding spaces. The integrals with dwi in ()3.5p are defined as elements of Zj,. 
The integral with ds is defined as an element of Zj^^. Definition 13.41 requires for (jS.ip that this 
integral must be equal to an element of Zj, in the sense of equality in Z^^. 

Existence theorems and fundamental inequalities for forward equations 

The following Lemma combines the first and the second fundamental inequalities and related 
existence result for forward SPDEs (the cases when k = —1 and k = 1 respectively). It is 
an analog of the so-called "energy inequalities", or "the fundamental inequalities" known for 
deterministic parabolic equations (Ladyzhenskaya et al (1969)). 

Lemma 3.5 Let either k = —1 or k = Assume that Conditions \3.1\ \3.S\ and \3.^ are 
satisfied. In addition, assume that if k = 0, then /3i{x,t,uj) = for x G dD, i = 1, ...,N. Let 
(f G X^{s,T) and $ G Z^'^'^. Then problem jlS. 1\) has an unique solution u in the class Y^{s,T), 
and the following analog of the first fundamental inequality is satisfied: 

\W\\Yk+2(s,T) < C ^llv^llx^Cs.T) + ll^llz^+i + \\^i\\xk+^s,T)^ ' (3-6) 

where c = c{V) is a constant that depends on V only. 

The result of Lemma 13.51 for k = —1 is well known for long time (see, e.g., Rozovskii (1990), 
Ch. 3.4.1). The result for /c = was obtained in Dokuchaev (2005). 

Note that Y''+'^{s,T) = X^+'^{s,T)r\C^+^{s,T), hence the solution u = u{-,t) is continuous 
in t in ^2(1^, J", P, i7''+^). 

Introduce operators L{s,T) : X-^{s,T) Y^{s,T), Mi{s,T) : X^{s,T) Y^{s,T), and 
Cis,T) : Z^ Y^{s,T), such that 

N 

u = L{s, T)ip + C{s, r)$ + ^iis, T)hi, 

i=l 

where u is the solution in Y^(s,T) of problem (j3.ip . These operators are linear and continuous; 
it follows immediately from Lemma [3.51 We shall denote by L, A^j, and C, the operators L(0, T), 
Aii{0,T), and C(0,T), correspondingly. 
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4 Backward equations 

Introduce the operators being formally adjoint to the operators A and Bi: 

A*v = ^ ^^-^ Uij(x,t,w)?;(x) j - ^ — (/i(x,t,tj)v(a;)) + A(a;,t,a;)'t;(x), 

•t,7 = l * J \ / i—\ * 



n 



5*7; = — (/3i(rc,t,w)u(x)) +/3i(x,t,a;)i;(x). 



(4.1) 



Consider the boundary value problem in Q 

dtp + [a*p + E£i B*xi + ^)dt = E^i X^ dw,{t), 

p\t=T = ^, P{x, t, U) \^(zdD = 0. 

Definition 4.1 We say that equation (14. ip is satisfied for p G Y'^, ^ G Z^, Xi ^ if 

p{;t) = * + / ^X-, + ^ s) + s)]ds-Y, s) dwiis) (4.2) 

\ 1=1 / i=l -^^ 

for any t G [0, T]. The equality here is assumed to be an equality in the space Z^^. 

Theorem 4.2 For any ^ G X^^ and G Zj,, there exists a pair {p,x)j such that p G , 
X = (xi) • • • 5 Xn), Xi £ o^i^d is satisfied. This pair is uniquely defined, and the following 
analog of the first fundamental inequality is satisfied: 

N 

WpWy^ + E ll^^ll^" ^ c(||^||x-i + W^Wzo), (4.3) 
1=1 

where c = c{V) > is a constant that does not depend on ^ and ^. In addition, 

where L* : X'^ X^, M* : X^ X^ , {6tL)* : ^ X^ , {dTMi)* : Z^ X^ , and {StC)* : 
Zj, — )• Zq, are the operators that are adjoint to the operators L : X~^ X^ , Mi : X^ X^ , 
SrMi : X-^ Z^, dxMi : X^ Z^, and 5tC : Z^ Z^, respectively. 

An example of application of duality established in this theorem is given in Theorem 16. li 
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5 Proof of Theorem 14.21 



Theorem 14.21 extends Theorem 4.1 from Dokuchaev (1992) and Theorem 3.2 in Dokuchaev (2003) 
for the case of non-zero ^, /3j. Apparently, the extension required was non-trivial and, as can 
be seen from the proof below, required solid efforts. We shall prove Theorem 14.21 using the 
following steps: first, we obtain some decomposition results for the basic operators, the the 
proof for the case when the coefficients of A are J-Q-measurable and Bi = 0, then we consider 
the case when A is of the general form and Bi = 0, and then we consider the general case. 

5.1 Decomposition of operators L and Aii 

Our method of proof is based on decomposition of the operators to superpositions of simpler 
operators. 

Definition 5.1 Define operators K : ^ Y^, Qq : X'^ Y^, Qi : X° ^ y\ i = 1, ...,N, as 

the operators C : ^ Y'^, L : Y'^, Mi : X^ ^ Y'^ , i = 1, N, considered for the case 

when Bi = for all i. 

By Lemma 13.5^ these linear operators are continuous. It follows from the definitions that 

N 

K'^ + Qori + Y, Qihi = V, 

i=l 

where 77 € X~^ , <I> € Zq, and hi G X^, and where V is the solution of the problem 

dtV = (AV + r,)dt + hi dwi{t), 

(5.1) 

V\t=0 = V{X, t, w) \^(,QD = 0. 

Define the operators 

TV N 

P = Y.Q^B,, P*^Y.BIQI (5.2) 

i=l i=l 

Clearly, the operator P : X^ X^ is continuous, and P* : X^^ X^^ is its adjoint operator. 
Hence the operator P* : X^^ — ?■ X^^ is continuous. Since the operators Q* : (C*^)* X^ and 
B* : X^ —?• X^^ are continuous, it follows that the operator P* : (C°)* —?• X^^ is continuous. 
Let 

N N 



Po = 5tY.Q,B,, P*^Y.B*{5TQ^r. 



1=1 i=l 
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Lemma 5.2 The operator {I — P) ^ : ^ is continuous, and 

L = {I-P)-'Qo, C = {I-P)-'K, M, = {I-P)-^Q,, 

6tL = Po{I -P)-^Qo + 6tQo, 6TM^ = Po{I-P)-^Q^ + 5TQi, (5.3) 

i = 1, ...,N. The operator (/ — P*)~^ : X~^ X~^ is also continuous, and 

L* = Q*{I - P*)~^, C* = K*{I - P*)-^, M* = Q*{I - P*r^, 

{StLT = Ql{I - P*)-'Po + {^tQoT, {STMiT = QUI - P*)-'P^ + {6TQiT. (5.4) 

Proof. If 7 € X^, then the solution of problem (13. ip with $ = 0, (/9 = 0, and hi = Bij, can 
be represented as 

n 

V = Y,QiB^{l + V) = P{j + V). 

i=l 

By Lemma [33| ||V^||yi < const ||7||xi- Hence the problem 

V = P{j + V) (5.5) 

has the unique solution V (zY^. Define the operator P : X^ — )• such that V = Pj = P{'y+V) 
is the solution of problem ()5.5p . 

Let 7 G be given. Set F = P7, /i = 7 + V. Clearly, \\h\\xi < const (hH^i + llCllxO?- 
By the definitions, 

V = Ph, -f = h-Ph, h = {I - py^-f. 

We have noticed already that ||V^||yi < const ||7|lxi . Hence ^ const ||7||xi , and the 

operator (/ — P)^^ : X^ X^ is continuous. Therefore, the adjoint operator (/ — P*)^^ : 
X^^ — X^^ is also continuous. 

By the definitions, the solution of problem ()3.6p has the form 

N n N 

V = L^ + £^ + J2 Mihi = Qo^ + Y. + hi] +K^=QQip + Y. ^^^i + PV + 

1=1 1=1 i=l 

for any if £ X^^, hi £ X^, and $ G Zq. Then the first three equations in (j5.3p follow. Clearly, 

(/-P)-i = P{I -P)-^ - I. 

Hence the last two equations in (|5.3p follow. Therefore, all equations (|5.4p for the adjoint 
operators follow. This completes the proof of Lemma 15.21 □ 
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We found that the operator (/ — P*)^^ : X^^ X^^ is continuous. In addition, Theorem 
3.2 from p. 467 of Dokuchaev (1992) stated that the operator P* : X^ — ?> X^ is continuous under 
some additional technical conditions. The question arises if the operator (/ — P)^^ : X^ — t- X^ 
is continuous. If this is true, then, by Lemma 15.21 the operators L* : X^ Y"^, M.* : X^ — > X^ 
are continuous; in that case, an analog of the second fundamental inequality holds for backward 
equations, and existence has place for solutions p G X'^ and Xi ^ 

5.2 Proof of Theorem 14.21 for Bt = and J^o-measurable (6, /, A) 

The following lemma extends Theorem 4.1 from Dokuchaev (1992) for the case of non-zero ^. 

Lemma 5.3 Theorem \4-S\ holds under additional assumptions that the function fx = (6, /, A) is 
such that fi{x, t, u) is TQ-measurahle for all (x, t), and f3i = 0, /3i = for i = 1, N . 

Proof. It suffices to prove that, for any ^ G X^^ , there exists a pair (p, x)) with p €Y^, and 
X = (Xi, • • ■,Xn), Xi e X^, such that 

dtp + {A*p + C)dt = Xi dwi{t), 

(5.6) 

p|t=T = ^, p{x,t,Uj)\a:^dD = 0, 

and that 

p=Q*^ + {6TQor^, Xi = QU + {STQ^r^, p{.,0) = K*^ + {6TKr^f, (5.7) 

where Q*o : X'^ ^ X\ Q* : X'^ X^, {6tQo)* ■ ^ X\ {drQi)* :Z^^X^,i = 1,...,N, 
and K* : X~^ — )• Zq, are the operators that are adjoint for the operators Qo '■ ~^ AC"*^, 

Qi : Ar° ^ SrQi : X^ Z^, and K* : ^ X^, correspondingly. We know that these 
operators are continuous. 

We interpret the solution of problem ()5.6p similarly to Definition 14.11 

Let p be the solution of the problem 

(5.8) 

p\t=T = Pix, t, Uj) l^^dD = 0. 

Clearly, p e X^ n C{[0, T]; Z^). 

Let p = £p, and let if e L^{n,F,TT,C{Q)), $ G L2{n,P,To,C'^{D)) n Z^. Then p and its 
derivatives presented in (|5.8p belong to Loo{^,P,J^t,C{Q)). We have that if V = Qoip + 
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then 

^ (5.9) 

y|t=o = $, F(x,t,a;)|^.eaD = 0. 

Hence 

T), r))^o - (p-(., 0), y (•, o))^o = - v)^, + (p, + (^)^o. 

(^&,l/(-,r))^o - (p(-,0),<I>)^o = (-^,y)xo + fev^ko. 

Hence 

(M/, r))^o - 0), a>)^o = F)xo + (p, 9j)xo , (5.10) 

i.e., 

(P,V^)xo + (p(-,0),$)^o = (^,y(-,T))^o +(e,l^)xo 

= (*,(5rQo93 + <5T-fsr^)zo + ('^>2o93 + i^^)xo• 
Thenp= Q*e + ('5TQo)*^ and p(.,0) = i^*^ + (-^ri^)*^- 

Remark 5.4 f/p to i/izs "point, we didn't use the assumption that the coefficients A are J-q- 
measurable; all previous reasons are valid for the general A as well. 

Further, by Clark's Theorem, there exist functions 7j(-,t, •) G X^, G , and 7^j(-,t, •) G 
X'', such that 

N T 

p{x, t, uj) =Bp{x,t,uj) +'S2 / -fi{x,t,s,uj)dwi{s), 

i=i 

N T 

'^{x,t,uj) = E^{x,uj) + 'S2 / 'yq,i{x,s,uj)dwi{s), 

i=l -^0 

N T 

C(x,i,w) = E^(x,t,w) + / 75i(x,t,s,w)du;i(s). 

i=i -^0 



Moreover, it follows that 'Dgi[-,t, •) G X'^, where either = d^/dt or P7 = A*^ = A7, and 

N T 

'Dp{x, t, uj) = EPp(x, t,uj) + y ^ / V'^i{x,t,s,uj)dwi{s). 

i=i Jo 



By dSSl), 



— {■,t,s,uj) + A*-fi{-,t,s,uj) = --f^i{-,t,S,Uj), 



(5.11) 

7i(x,r,s,a;) = 7vtj(x, s, w), 7j(x, t, s, a;)|a;eaD = 0. 
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It follows that 



sup 

te[s,T] . 



/ \ji{x, t, s, u})\'^dx < c 
I Jd 

where c = c(T, n, D) > is a constant. Hence 



||7^j(-,t,s,a;)||^_idt + / |7*i(x,s,w)| dx 

D 



\'yi{x, s, s, u})\'^dx < c 



D 



\\j^i{-,t,s,uj)\\j^-idt + / \-f^i{x,s,uj)\ dx 
Jd 



Let 



Xiix,t,uj) = -fi{x,t,t,u;). (5.12) 

It follows that 

\\x^\\xo<c{m\x-^ + \mzo)■ 

Let us show that the pair ip,x)j X = (xi; • • • jXn), is such that ()5.6p is satisfied. Clearly, 

N „T 



and 



Hence 



p{x,t,u}) = p{x,t,uj) + ^ / ji{x,t,s,u})d' 

i=i 



Pi-,t) = ^ + j^ (^A*pi-,s)+C{-,s)^ds. 



Wi{S), 



p{;t) = ^+ 1^ (^A*p{;s)+a;s))ds 

N 
i=l 

= '^ + (»4>(-,s) + C(-,s)) ds 



■yi{-,t,s)dwi{s) + ds [A*'ji{-,s,r) + 'y^i{-,s,r)]dwi{r) 



It 
rT 



t Js 



N 



2=1 



-ii{-,t,s)dwi{s) + I dwi{r) / [A*ji{-,s,r) + -f^i{-,s,r)]ds 



^+ / {A*pi;s)+a;s))ds 



N „r 



7i(-, t, s) + I [A*ji{-,r, s) + J^i{-,r, s)]dr 



/ 

i=l 

= ^ + j^ (^*p{-,s)+i{-,s)^ds- Y,Xi{-,s)dwi{s), 
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since 

^) ~ _^ r, s) + 7^i(-, r, s)]dr = 7i(-, s, s) = Xii, s). 

We have that if V = Qih, where h G then 

dtV = AVdt + hdwiit), 

(5.13) 

V\t=o = 0, V{x,t,uj)\^^QD = 0. 

Hence 

ip{;T), Vi;T))zO - ip{; 0), F (•, 0))^o = (-Xp - V)xO + (p, AV)xO + ix^, h)xO , 

i.e., (^',y(-,r))^o = i-^,V)xo + {x^,h)xo. It follows that 

{X^, h)xO = dTQih)zO + Qih)xo yh G XO. 

Hence function (|5.12p is 

Xi = QU + {STQir^. (5.14) 
This completes the proof of Lemma 15. 3i 

5.3 Proof of Theorem \3M for Bi = 

Lemma 5.5 Theorem 13.61 holds under additional assumptions that /Si = 0, Pi = for i = 
1, .■.,N, i.e., when Bi = for all i. 

Proof. It suffices to prove that (j5.7p holds. Introduce the operators A and A* such that 

Av = A* = Av=} — ^, 

where A is the Laplace operator,Denote by Qi, K, Q* and K* , the operators, defined similarly 
Qi, K, Q*, K*, but with substituting A = A. Introduce the operators 

U^Qo{A-A), UA = Q*oiA* -A*), • 

Clearly, the operators A : X^^ and A* : X^ — t- X^^ are continuous. By Lemma 13.51 

the operator Qo • X^^ — t- X^ is continuous. Hence the adjoint operator Qg : X^^ — )• X^ is 
continuous, the operators U : X^ — > X^, Ua '■ X^ — > X^ are both continuous, and the adjoint 
operators U* : X^^ — )■ X^^ and Z//^ : X^^ X^^ are continuous, where = {A — A) Qo and 
U* = {A* - A*) Q*o. 
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1. Let us prove that the operator (/ + U^)~^Q.q : — > is continuous. First, we shall 
prove that the operator (/ + U)~^Qo : X^^ — )• X~^ is continuous. 

Let r] G X~^, hi £ X^, and ^ € Zq. By Lemma [33} the boundary value problem 

TV N 

dtz = {Az + {A - A) z + i;]) dt + ^^hi dwi{t) = {Az + r])dt + '^hi dwi{t), 

1=1 i=l 

z\t=Q = z{x, t, uj) l^ceaD = 

has the unique solution z G Y^, and ||2;||yi < const (||r/||x-i + J2i ll^illxo + By the 

definitions of the corresponding operators, the solution z of the equation (|5.15p is 



or 



Qor] + Qi^^ + K^ = {I + U)-^ {q^ti + Y, Qihi + 

i=l \ i=l / 



(5.15) 



Hence the operator (/ + U)^^Qo : X^^ — t- X^ is continuous. 

Further, note that the range of the operator Q.o{X^^) contains all smooth functions from 
X^, therefore, the range is dense in X~^. Clearly, the equality Qoy = implies that y = 0. Let 
y G Q.o{X~^) and y = Qqz. Then the equality Qo{I + U^)~^ x = y implies equalities 

{I + W^)-^x = z, {I+Ul)z = x, Q-^y + UIQ^\ = X, Q-^y + {A-A)y = x, 

Qty+Qo^^y = x^ QoHl + K)y = x, 



I.e. 



Qo{I + Ul)-' = {I + U)-'Qo. (5.16) 

This and continuity of the operator (/ + Z//)^^Qo ■ ~^ imply that the operator Q.o{I + 
U^)^^ : X^^ — ^ X^ is continuous. Therefore, the adjoint operator {I + Ua)'^Qo '■ X^ 
is continuous. 

2. Let us establish the connection between (j5.6p and the operators Qi, i = 0, . . . , N . It was 
shown above that the operator (/ + Ua)"^ Qq '■ X^^ — )■ X^ is continuous. By (|5.15p . it follows 
that 

QoC = {I + U)-^Qot Q^h^ = {I + U)-^Qih„ i = l,...,N, = {I + U)-^ 
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for all rj G X^^, hi G X^, and $ G Z^. Hence 

Qo = (/ + W)"'Qo, Qi = (/ + Z^)-'Qi, i = l,...,N, K={I + U)-^K, (5.17) 

and 

Qo = 2oU + Z^*)"\ Q*i = Qiil + ^*y\ i = l,...,N, K=K*{I + U*)-\ (5.18) 
By (I5l6]) . it follows that 

(/ + iYA)-'QS = QS(^ + ^*)"'- (5-19) 

Set 

(/ + iYA)-MQSe + (5TQo)*^]• 
Clearly, (/ + ZYa)p= QSe+ (-^tQo)*^, i.e. 

p=Q*C- l^AP + (5tQo)** = QoiC + {A* - A*)p) + (<5tQo)*^'- 

For this p, set 

X^ = Q*(C + {A* - A*)P) + {6TQ^r^. 

Let us use Lemma 15.31 now. By this lemma and and by the definitions for the corresponding 
operators, {p,xi, ■ ■ -iXn) eY^ x (X°)^ satisfies ([SSI). By ([519]) and KTTl . it follows that 

P = Qo{I + + {I + UA)-HSTQor^ = Q*oC + {dTQoT^. 

We have used here that (StQo)* = Qq'^T' where Qq : (C")* X^ is the linear continuous 
operator that is adjoint to the linear continuous operator Qo '■ C^, and 6^ : Zj, [C^Y 

is the linear continuous operator that is adjoint to the linear continuous operator 5^ : ^ Zj,. 
Here (C^Y is the space that is dual for C^. 
Further, Xi satisfies 

X^ = QK^+iA* -A*)[Q*oC + i5TQor^) + {STQ^r^ 

= Q*(e + {A* - A*) QUI + + Qti^* - -^1 {6tQoT^ + {STQiT^ 

= Q*{I -W{I + U*y^)i + Q*{I -U*{I + W)-^)5t-^ 

= Q:e+(<5TQ^)*^. 
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We have used (|5.17|) for the last equality. In addition, we have used again that (StQi)* = Qi^^, 
where Q* : (C*^) * — > X'^ is the linear continuous operator that is adjoint to the linear continuous 
operator Qo : — )• C^, and 5^ : Zj^ — )• (^C^)* is the linear continuous operator that is adjoint 
to the linear continuous operator 6t '■ ^ Zj.. 
Similarly, 

p(-,0) = k*{i + {A* -A*)p\) + {5TKy^> 

= k*{i + {A* - A*) [Qli + {StQqT^) + {5TkY^> 

= k*{i + {A* - A*) Q*o{I + U*y^O + K*{A* - A*) (5tQo)*^ + (<5ri^)*^' 

= k*{i- u*{i + u*)-^)i + k*{i -u*{i + i(*)-^)6t'^ 
= k*{i + u*y^ + k*{i + u*y^5T^ 

This completes the proof of Lemma 15.51 □ 

Remark 5.6 Typically, we use the notations such as {6tL)* : Zj, X^ when the entire adjoint 
operator 6tL has some sense, so we don't need to take into account properties of the operator 
6^. We use these superposition-type notations for these operators because it reduces the number 
of symbols for different operators. The only exception is the proof of Lemma \5.5\ above, when we 
consider operators {StQi)* '■ Zj, — > X^ as the superposition of the operators Q* : (C*^)* — )• X'^ 
and 6^ : Z^ ^ (C°)*. 

5.4 Proof of Theorem 14.21 for the general case 

Now we are able to prove Theorem l4.2l First, Lemma [5.21 implies that there exists C £ such 
that C = P*(C+4^'+C), i.e., C = (/-P*)~^P*(C+(^t^)- Since the operators P* : (C°)* ^ X'^ 
and 6^ : Zj, (C*^)* are continuous, we have that ( E X~^. Set 

p=QS(^ + C) + (5tQo)**, x^ = Q^{C + C) + Q:s*T^, x = (xi,...,X7v). 

Clearly, [p, x) x (X^)^ . Let us show that the pair {p, x) is a solution of problem (j4.ip . By 
the definition of the operator and by Lemma |5.5[ it suffices to show that ( = X^i^i ^iXi- 
Let C = YliLi ^iXi- The equations for Xi ai'e such that 

N N N 

2=1 2=1 2=1 
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The definition of C implies that C = C- Therefore, the pair {p,x) is a solution of problem (|4.ip . 
Farther, we have that 

p = QS(e + c) + (<5tQo)*^ = QS(e + a - + s*t^)) + {StQoT^ 
= Qi{i p*r'p*M + {STQoT'f] = QUI - p*rH( + (5tQo)*^']. 

(we treat 6t similarly to the proof of Lemma l5.5p . By Lemma l5.2^ it follows that p = L*^ + 
{5tL)*^. Similarly, 

X^ = Q*i{i + C) + {^TQiT'H = Q*(e + (/ - P*)-^P*{i + + (5tQ0*^ 

= Q*{i + (/ - p*)-^p*)[i + {6TQ^T^ = QUI - p*yH^ + (^TSi)*^] 

and 

p{-,0) = K*{( + C) + (StK)*^ = K*{i + (/ - + + {^tK)*-^ 

= K*{I P*y^P*)[^ + (5tQo)*^] = K*{I- P*)-\i + (5tQo)**] 

This completes the proof of Theorem 14.21 □ 

6 Semi-group property for backward equations 

It is known that the dynamic of forward parabolic Ito equation has semi-group property (causal- 
ity): iiu = L{p + Cq^, where 99 G <1> e Z^, then 

^lig[M = {Lip + Co^)\t^yg^,^=L{e,s)ip + Ce{e,s)u{;d). (6.1) 

We establish a similar property for the backward equations (anti-causality). This property 
involves the diffusion term that is a part of the solution. 

Theorem 6.1 (Semi-group property for backward equations). Let < 9 < s < T, and let 
p = L*i, Xi = Mii, where i G X'^ and G 2'°. Then 

p\t^ie,s] = L{9, s)*elte[e,s] + iWO, s))>(-, s), (6.2) 
Pi; 6) = i6sCeiO, s)rpi; s) + Ce{e, sfi, (6.3) 
Xk\t&[e,s] = Mk{e, s)*elte[M + i^sM^{e, s))>(-, s), k = 1, N. (6.4) 
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Proof of Theorem \ 6. 11 Let u = L{6,s)ip + Cg{9,s)^, where if G X^{6,s) and $ G are 
arbitrary. We have that 

{p{-,s),u{-,s))zo - {p{-,e),^)zo^ 

N N 

i=i i=i 

Hence 

s),u{-, s))zo, - {pi-, 0), ^>)^o = -{C, u)xo(^e^s) + b> f)xO{e,s)- (6-5) 

i.e., 

(P, '^)xo(e,s) + (pi-, S), = s),u{-, s))zo, + u)xo{e,s) 

= (pi; s), 6s[L{e, s)ip + Ce{e, sm^o + (e, + £,(^, s)^)xo(e,.)- 

Hence 

(P> y')xo(0,s) + = {{^sL{e, s))*p{-, s), f)xo(e,s) + {L{0, s)*^, '^)xo{e,s) 

+{{^sCe[e, s)rp{; s), <^)zo + {CU, ^)zo 
= i{SsL{9, s)rp{; s) + L{e, ^)xoie,s) + {{SsJC-eiO, s)rp{; s) + Ce{e, s)*^, cI>)^o . 

Take ^ = 0, then desired equation (16. 2p for p|[6i,s] follows. Take = 0, then desired equation 
([631) for p{-,e) follows. 

Similarly, let u = Mk{0, s)h, where h G X^{9, s) and k G {1, A'"}. We have that 

ip{-,s),u{-,s))zo^ = {p{-,s),ui-,s))zo - {p{-,e),u{-,e)zo^ 

N N 
i=l ' 1=1 

Hence s), s))^o = -(^, u)jfo(g_^) + (xfc, /i)x0(9,s)> i-e-, 

= {p{-, s),6sMk{0, s)h)zo + Mk{e, s)h)xo(^e,s)- 

Hence (Xfc, MxO(0,s) = {{^sMk{0,s))*p{-,s),h)zo, + {Mk{0,s)*^,h)xo(^e,s)- Then desired equation 
(IQ]) for Xfe follows. □ 
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